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0.1 ��©Ù§ÙG�))<

ÆLÄ:ÚOÆ�ÓÆ�Ñé��©Ù�~ÙG"ù�¨/�©Ù

�Ø�/G`ä§§éA��Ý¼ê�¤êÆL�ª

f(x) =
1√
2πσ

e−
(x−µ)2

2σ2

��~äkêÆ�{a"ÙIOz��VÇ�Ý¼ê

f(x) =
1√
2π
e−

x2
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Figure 1: ��©Ù�
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u1���±10ê���1þ<Xpd(Carl Friedrich Gauss, 1777-1855)�

Þ�Ú���Ý�§1977cÀ�u1�20ê���6ÏVgg7þ§

�<X��©Ù�Úpd�¶i"��©Ù�)¶pd©Ù§·��N

´@�´pduy
��©Ù§Ù¢Ø,§ØLpdéu��©Ù�{¤

/ �(á´å�
û½5��^"

Figure 2: �Iê�ÚVg1þ�pdÞ�Ú��©Ù�
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xêÆ[�c´Noé�ù�VÇ©Ù��§q´Nouy�ÅØ�Ñ
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�59�ó��$�§��©Ùý´4<aúQÙGq))"��·Öï
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�FV�¬�5ênÚOÆ{¤6ù�
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��â
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0.2 ÙÂ§����Äguy

1���¯ÚVÇØ�uÐ���'§Ì�´�#6(Abraham de

Moivre, 1667-1754) Ú.Ê.d(Pierre-Simon Laplace 1749-1827)".Ê.

d´���Æ[§�¡�{I�Úî¶�#6¶í�UØ�é�§ØL�

[ATÑATéÙGù�¶i§Ï�·�3p¥êÆÆEê��ÿÑÆL

�#6úª(cos θ + i sin θ)n = cos(nθ) + i sin(nθ)"�#6¤��5Å�

Ø6£The doctrine of chances¤´VÇØuÐ{¤¥é����Ö"Ú

îé�#6�©!ü,��Æ)�¦��VÇ�¡�¯K�§¦Ò`µ/ù

��¯KAT�é�#6§¦éù
¯K�ïÄ'·�\�õ"0

Figure 3: �#6Ú.Ê.d

�;VÇØuuÙÆ§¨�d(Christiaan Huygens, 1629-1695)!ø

dk(Blaise Pascal, 1623-1662)!¤ê(Pierre de Fermat, 1601-1665)!ä�

'#�ã|(Jacob Bernoulli, 1654-1705)Ñ´�;VÇ�CÄ<§¦�@¬

ïÄ�VÇ¯K�Ñ5gÙSþ§�@�VÇØ¯K´Ùär\31654c

�ødkJÑ�XÛ©Ù7�¯K"ÚOÆ¥�oNþ��¤±�¡�Ï

"(Expectation), Ò´g¨�d!ødkù
<ïÄ²þ�¹e��Ùä

3ÙSþ�±Ï"gCI�õ�a"

k�U��x�§�N´�Ùä§��#6J
��ÚÙÆ�'�¯

KµA!Bü<3Ù|pÙÆ§A!B�g�¼�VÇ´p, q = 1−p,ÙnÛ"
ü<�½µeAI�ÛêX > np, KAG�Ù|X −np�¶eX < np,KB
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G�Ù|np−X �"¯Ù|�a�Ï"�´õ�"
¯K¿ØE,§��þ´����©Ù§enp ��ê§�#6¦Ñ�

��nØ(J´

2npqb(n, p, np)

Ù¥b(n, p, i) =
(
n
i

)
piqn−i ´~����VÇ"�´éäN�n, Ï�Ù¥�

��úª¥k|Üê§�rù�nØ(J¢SO�Ñê�(J�Ø´�N

´�¯§ùÒ°Ä�#6ÏéCqO���{"

�d�'é�,��¯K§´�l��©Ù��ÅCþX ∼ B(n, p),

¦X á3��©Ù¥%:�½���VÇPd = P (|X − np| ≤ d)"

éup = 1/2��/§�#6�
�
O�¿��
�
Cq(J§�

´�Ø
¤�§3$�´�#6ÚdA�(James Stirling, 1692-1770)?3

Ó����§��<�mkéX§dA�úª´3êÆ©Û¥7Æ��

��úª

n! ≈
√

2πn
(n
e

)n
.

¯¢þdA�úª�Ö/´�#6�k���§�dA�U?
ù�

úª§U?�(J��#6¤^"1733 c§�#6é¯|^dA�úª?

1O�¿��
��?Ð"�Än ´óê��/§��VÇ�

b(n,
1

2
, i) =

(
n

i

)(
1

2

)n
±erb(n, 1

2
, i){P�b(i), ÏLdA�úª��
{ü�O�N´��§

b
(n

2

)
≈
√

2

πn
,

b
(
n
2

+ d
)

b
(
n
2

) ≈ e−
2d2

n ,

u´k

b
(n

2
+ d
)
≈ 2√

2πn
e−

2d2

n .

¦^þª�(J§¿3��VÇ\\¦Ú�L§¥Cq�¦^½È©�O
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¦Ú§éN´ÒU��

P

(∣∣∣∣Xn − 1

2

∣∣∣∣ ≤ c√
n

)
=

∑
−c
√
n≤i≤c

√
n

b
(n

2
+ i
)

≈
∑

−c
√
n≤i≤c

√
n

2√
2πn

e−
2i2

n

=
∑

−2c≤ 2i√
n
≤2c

1√
2π
e
− 1

2
( 2i√

n
)2 2√

n

≈
∫ 2c

−2c

1√
2π
e−x

2/2dx.

(1)

w§��©Ù��Ý¼ê�/ª3È©úª¥Ñy
�ù�Ò´·�

3ênÚO��þÆ�����(Øµ��©Ù�4�©Ù´��©

Ù"

±þ�´?Ø
p = 1/2 ��/§�#6�ép 6= 1/2�
�
O�§

�5.Ê.dép 6= 1/2 ��¹�
�õ�©Û§¿r��©Ù���C

qí2�
?¿p ��¹"ù´1�g���Ý¼ê�êÆ[�xÑ5§

�´±��©Ù�4�©Ù�/ª�í�Ñ5�"ÙGÄ:VÇÚO�

ÓÆ�Ñ��ù�(JÙ¢��#6-.Ê.d¥%4�½n"

½n0.2.1 (�#6-.Ê.d¥%4�½n) ��ÅCþXn(n =

1, 2, · · · ) Ñlëê�n, p ���©Ù§Ké?¿�x, ðk

lim
n→∞

P

(
Xn − np√
np(1− p)

≤ x

)
=

∫ x

−∞

1√
2π
e
−t2
2 dt.

·�3�ÆÆSênÚO��ÿ§ÆS�L§Ñ´kÆS��©Ù§

,�âÆS¥%4�½n"ÆS���©Ù��ÿ§��Ò£ã
ÙV

Ç�Ý�êÆ/ª§�,êÆþé¤�§�´N´(¾êÆ[�´XÛ³

�Òé�ù�©Ù�"Ö
�FW�5ênÚOÆ{¤6��§·â²x

��©Ù��Ý/ªÄguy´3�#6-.Ê.d�¥%4�½n¥"ê

Æ[ïÄêÆ¯K�?§é�´Uì·�êÆ��?ü�^Sí?�§y

��êÆ��Ñ´UìêÆS3�Ü6?1|�?ü�§�,Ü6(�þ

î>`{§%rêÆ¯KïÄ�{¤è,!��Z�À"DNA VÚ^(�

�uyö��É0d#»Ü(James D. Watson, 1928-) 3¦�¶Í5DNA

VÚ^6Só¥`µ/Science seldom proceeds in the straightforward logical
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manner imagined by outsiders. £�Æ�uyé�¬��	Ç¤����

�§Uì��
�Ü�Ü6��ª?1�"¤0

�#6�Ñ¦�uy�40c£��´1770c¤§.Ê.dïá
¥%4

�½n����/ª§¥%4�½n��q�Ù¦êÆ[�í2�
Ù§

?¿©Ù��/§Ø�u��©Ù"�Y�ÚOÆ[uy§�X��

�ÚOþ§3��þN ªuÃ¡��ÿ§Ù4�©ÙÑk���/ª§ù

�¤
ênÚOÆ¥���nØ�Ä:"

�#63��©Ù�O�¥¨�
������§ØL¦¿vkU

Ðyù���{©�?"�#6�ù�ó���¿vkÚå<�v
�

À§�Ï3u�#6Ø´�ÚOÆ[§l�lÚOÆ��Ý��ÄÙó

��¿Â"��©Ù(���vk�·¶���©Ù) 3����´±4�

©Ù�/ªÑy§¿vk3ÚOÆ§cÙ´Ø�©Û¥u��^"ù�Ò

´��©Ù�ªvk�)¶�#6©Ù���Ï"@pd�
åó��

�ÚOÆ[r��©Ù�ùº?)�3
¦�ÞþQºùk�l���¦

{�uÐ`å"

0.3 ���¦{§êâ©Û�a¬�

1���¯�Ì�´î.(Leonhard Euler, 1707-1783)!.Ê.d!V

4�(Adrien-Marie Legendre, 1752õ1833) Úpd, �¯u)��m´18

V¥�19VÐ"17!18 V´�ÆuÐ��7c�§�È©�uÐÚÚ

î�kÚå½Æ�ïá§���íÄ
U©ÆÚÿ/Æ�×�uÐ"��

���Æ[�Ñ3�ÄNõU©Æþ�¯K§A�;.�¯KXeµ

1. è(Ú7(´��X¥��1(§du�páÚé�g�$Ä;��

)
K�§Nõ�êÆ[§�)î.Ú.Ê.dÑ3Äu�ÏÈ\�

U©*ÿêâO�è(Ú7(�$1;�"

2. V4�«ú
���?���?Ö§ÿþÏLni�fÌ���

Ý"

3. °þÊ1²�Ý�½ "Ì�´ÏLéð(Ú�¡þ��
½:�*

ÿ5(½²�Ý"

7



ù
U©ÆÚÿ/Æ�¯K§ÃØ�9�êâ�õgÿþ!©Û�O

�¶17!18V�U©*ÿ§�È\
�þ�êâI�?1©ÛÚO�"

éõc±c§Æö�Ò®²²�5�@�§éukØ��ÿþêâ§õg

ÿþ��â²þ´'�Ð�?n�{"�,"ynØþ�Øy§�Øä�

É��
<��¦§��â²þ���«É~�*��ª§®²�¦^


Zzc, 3õcÈ\�êâ�?n²�¥�����§Ý��y§�@�

´�«ûÐ�êâ?n�{"

±þ�9�¯K§·���'%�8Iþ  Ã{��*ÿ§�´

�
�'�þ´�±*ÿ��§ÏLïáêÆ�.§�ª�±)Ñ

·�'%�þ"ù
¯KÑ�±^XeêÆ�.£ãµ·���O�þ

´β0, · · · , βp, ,keZ��±ÿþ�þx1, · · · , xp, y, ù
þ�mk�5'

X

y = β0 + β1x1 + · · ·+ βpxp

XÛÏLõ|*ÿêâ¦)Ñëêβ0, · · · , βpQºî.Ú.Ê.dæ^��
�{Ñ´¦)Xe�5�§|

y1 = β0 + β1x11 + · · ·+ βpxp1

y2 = β0 + β1x12 + · · ·+ βpxp2
...

yn = β0 + β1x1n + · · ·+ βpxpn.

(2)

�´¡����¯K´§kn |*ÿêâ§p + 1 �Cþ§XJn > p + 1,

K����5gñ�§|§Ã{��¦)"¤±î.Ú.Ê.dæ^��

{Ñ´ÏLéêâ��½�*	§rn��5�§©�p + 1|§,�rz

�|S��§�5¦Ú�8¿����§§lÒrn��§��§|z

�p + 1��§��§|§?�Ú)�§¦)ëê"ù
�{Ðwk�
�

n§�´ÑLu²�z, Ã{/¤Ú�?nù�a¯K�Ï^)ûµe"

±þ¦)�5gñ�§�¯K3y3���)w5ÑØ(J§ùÒ´

ÚOÆ¥��5£8¯K§��^���¦{Ò)û
"�´=BXî.!

.Ê.dù
êÆ�Ú§����Uéù
¯KJÑk��)û�Y"�

�3�ÆïÄ¥§��3*gþk¤â»¿ØN´"k�����¦{´

V4�31805 cuL�§Ä�g�Ò´@�ÿþ¥kØ�§¤±¤k�§

�\ÈØ��
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\ÈØ�=
∑

( *ÿ�- nØ�)2

·�¦)Ñ��\ÈØ����ëê

β̂ = arg min
β

n∑
i=1

e2i

= arg min
β

n∑
i=1

[
yi − (β0 + β1x1i + · · ·+ βpxpi)

]2
.

(3)

Figure 4: V4�

V4�3Ø©¥é���¦{�`û5�
A:`²µ

1. ���¦{¦�Ø�²�Ú��§¿3���§�Ø��mïá
�

«²ï§l��,��4àØ���|�/ ¶

2. O�¥��¦ ��¦)�5�§|§O�L§²(B$¶

3. ���¦{�±�Ñ�â²þ����O�"

éu���:§ínXeµb�ý��θ, x1, · · · , xn�ngÿþ�,zgÿþ

�Ø��ei = xi − θ§U���¦{§Ø�\È�

L(θ) =
n∑
i=1

e2i =
n∑
i=1

(xi − θ)2

¦)θ ¦�L(θ)����§�Ð´�â²þx =
∑n
i=1 xi
n
"

du�â²þ´��{²����{§±þ�ín`²§�â²þ

´���¦{���A~§¤±l,���Ý`²
���¦{�`û5§

¦·�é���¦{�\k&%"
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���¦{uL��é¯��
�[�@��É§¿×��3êâ©

Û¢�¥�2�¦^"ØL{¤þqk<r���¦{�u²8õupd§

ùq´No�£¯Q"pd31809 c�uL
���¦{§¿�(¡gC

®²¦^ù��{õc"pdu²
�1(½ �êÆ�{§¿3êâ©

Û¥¦^���¦{?1O�§O(�ýÿ
� (� �"

�
�U���¦{§vwÑÚ��©Ùk?Û'XB§lK
jº

üÒ���¦{��§�,é¢^§ØLwþ��õ��´���ê�{§

�,�±í�Ñ�`)§éu)�Ø�kõ�§Ã{�Ñk��©Û§

ù�Ò´��©Ù®$�|u��^�/�"V4�JÑ����¦{§

(¢´�r3êâ©Û+�2¨Í5�Ð§�´A�´Ø
¹|¶

ùr��E�5����õN�8�pd§´Ï�pdØ�Õg��Ñ


E��{§�r���¦ùr�A��Ã'¹|§r���¦

{�E¤
�ra¬�"pdÿÐ
���¦{§r��©ÙÚ���

¦{éX3�å§¿¦���©Ù3ÚOØ�©Û¥(á
gC�/ §

ÄK��©ÙÒØ¬�¡�pd©Ù
"@pdù  <´XÛr��©

ÙÚ\�Ø�©Û�¥§�E���¦{ùra¬��Qº

0.4 ¯pÏ¨ZzÝ,Ø�©Ù��(á

1n��¯k:�§Ì�´pdÚ.Ê.d§�¯�Ì�SN´Ïé

�ÅØ�©Ù�5Æ"

U©Æ´1���ÿþØ�(6�Æ�§l���18VU©Æ��

´A^êÆ�u��+�§�18V§U©Æ�uÐÈ\
�þ�U©Æ

êâI�©ÛO�§ATXÛ5?nêâ¥�*ÿØ�¤���é5Ã�

¯K"·�3êâ?n¥²~¦^²þ�~£5{K§Zz55�êâ¦

^²�`²�â²þU
�ØØ�§Jp°Ý"�â²þkXd��å§

�nÛ3§�cvk<�LnØþ�y²"�â²þ�Ün5¯K3U©

Æ�êâ©Ûó�¥�JÑ5?Øµÿþ¥��ÅØ�ATÑlN��V

Ç©Ùº�â²þ�`û5ÚØ��©ÙkN����éXº

³|Ñ3¦Í¶�5'uü�Ì�.XÚ�é{6¥§éØ��©

Ù�L�
½5�£ã§Ì��)µ
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1. *ÿêâ�3Ø�

2. Ø�´é¡©Ù�;

3. ��Ø�ÑyªÇ$§��Ø�ÑyªÇp"

^êÆ��ó£ã§�Ò´`Ø�©Ù��Ý¼êf(x) 'u0é¡©Ù§

VÇ�Ý�|x| O\~�§ùü�½5�£ãÑéÎÜ~£"
NõU©Æ[ÚêÆ[m©
ÏéØ�©Ù��}Á"U©Æ

["ÊÜ(Thomas Simpson, 1710-1761) krÑ
k¿Â��Ú"�ý�

�θ, x1, · · · , xn �ngÿþ�, zgÿþ�Ø��ei = xi − θ§e^�â²
þx =

∑n
i=1 xi
n
��Oθ, ÙØ��e =

∑n
i=1 ei
n
""ÊÜy²
, éuXe��

�VÇ©Ù§

Figure 5: "ÊÜ�Ø�©Ù�

kXe(Ø

P (|e| < x) ≥ P (|ei| < x).

�Ò´`§|e|�'u|ei|����Å¬��""ÊÜ�ù�ó�éo÷§�
´ù´1�g3��A½�¹e§lVÇØ��Ýî�y²
�â²þ�

`û5"

l1772-1774 c§.Ê.d�\\�
ÏéØ�©Ù�Ý¼ê�èÎ

¥".Ê.db½Ø�©Ù�Ý¼êf(x)é¡�÷v

−f ′(x) = mf(x)
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dd�¦�©Ù�Ý¼ê�

f(x) =
m

2
e−m|x|. (4)

ù�VÇ�Ý¼êy3�¡�.Ê.d©Ù"

Figure 6: .Ê.d�Ø�©Ù�

±(4)ª¥�¼ê��Ø�©Ù§.Ê.dm©�ÄXÛÄuÿþ�(

J��O��ëê��".Ê.d�±�´����dÌÂö§¦�ëê

�O��KÚy���d�{�~�qµb�k�©Ù´þ!�§O�Ñ

ëê���©Ù�§���©Ù�¥�:§=1/2© :§��ëê�O

�"�´Äuù�Ø�©Ù�Ý¼ê�
�
O���§.Ê.duyO

�LuE,§�ªvU�Ñ�ok^�(J"

.Ê.d�´VÇØ��Ú§�L3VÇuÐ{¤¥4kK�å�

5©ÛVÇØ6§ØL±·�êÆ"{§¢3Ã{n).Ê.dù��Ú<

Noé
��":Ø���¼ê��Ø��©Ù�Ý¼ê§.Ê.d�ª

�´vUt½Ø�©Ù�¯K"

y3Ó�pd�|
§pd3êÆ¤¥�/ 4p§c���ÿÒ

¡êÆ�f§�5�¡�êÆ[¥�P	k§êÆ[C��(Niels Henrik

Abel, 1802-1829) é¦�µØ´µ/pd���	k§^�nòâ/þ�v

,!�(He is like the fox, who effaces his tracks in the sand with his tail)
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"0·��êÆ�����riù(Georg Friedrich Bernhard Riemann,1826-

1866) Ú
\4(Jules Henri Poincaré, 1854-1912)¡�êÆ[¥�Åi§

¡gC�ÛÇ¶pd´iù���§êÆ�pk
�Çrpd¡�êÆ[

¥�Ã"3êÆ[¥QU�"nØêÆ�(�§qU�A^êÆ�¢/

��Øõ�§pd´êÆ[¥�k�º0U/á0//�<Ô§§QéX

nØêÆk���É	å§q4ÙÀêÆ3¢�¥�A^"3Ø�©Ù

�?n¥§pd±4Ù{ü�Ã{(á
�ÅØ��VÇ©Ù§Ù(J¤

�ênÚOuÐ¤þ��¬p§"

pd�0\Äk�lU©Æ.���¯�`å"1801c1�§U©Æ

[ÁlÊ#�æà(Giuseppe Piazzi, 1746-1826)uy
��l��L�1

Ý8��(3£Ä§ù�y3�¡�� (£Ceres¤��1(3��¥Ñ

y6�(Ï§×LlÝ��Ò3���1]ev
lK§Ã{*ÿ"3e

�*ÿêâk�§J±O�Ñ¦�;�§U©Æ[�ÏdÃ{(½ù�#

(´Þ(�´1(§ù�¯Ké¯¤
Æâ.'5��:"pd��®²

´ék¶"�c�êÆ[
§ù�¯KÚå
¦�,�"pd±ÙR��

êÆâUMá
�«Ï#�1(;��O��{§�����SÒO�Ñ


� (�;�§¿ýó
¦3��¥Ñy��mÚ �"1801c12�31

F�§�IU©OÐöcËd(Heinrich Olbers, 1758-1840)§3pdýó�

�mp§^"�ºéO
ù¡U�"J,ØÑ¤�§� (Ñy
�

pd�d¶(��§�´pd��áýß³O�;���{§�Ï�

U´pd@�gC��{�nØÄ:�Ø
¤Ù§pd��£Æî>!

°Ã¦°§Ø�´uLvkg�¤Ù�nØ"��1809cpdXÚ/�õ


�'�êÆnØ�§âò¦��{úÙu¯§Ù¥¦^�êâ©Û�

{§Ò´±��Ø�©Ù�Ä:����¦{"@pd´XÛí�ÑØ�

©Ù���©Ù�º4·�wwpd´XÛßÿþ2�¿ã�"

�ý��θ, x1, · · · , xn�ngÕáÿþ�, zgÿþ�Ø��ei = xi− θ§
b�Ø�ei��Ý¼ê�f(e), Kÿþ��éÜVÇ�n�Ø��éÜVÇ§

P�

L(θ) = L(θ;x1, · · · , xn) = f(e1) · · · f(en)

= f(x1 − θ) · · · f(xn − θ)

�´pdØæ^��d�ín�ª§´���¦L(θ)������θ̂ =

13



θ̂(x1, · · · , xn) ��θ��O�§=

θ̂ = arg max
θ

L(θ).

y3·�rL(θ) ¡����q,¼ê§����O�θ̂ ¡�4�q,�

O"pdÄg�Ñ
4�q,�g�§ù�g��5�ÚOÆ[¤F�X

Ú�uÐ¤�ëê�O¥�4�q,�OnØ"

êÆ[Å|æ(George Pólya, 1887-1985)`Lµ/�¤���Ð�êÆ

[,,,,\7LÄk´��Ð�ß�[(To be a good mathematician,..., you

must be a good guesser)"0{¤þ�6�êÆ[Ñ´���ß�["pd

�e5��{AOÚ§¦m©@Ýþ2�¿ã§ù¿©Ny
pd�ê

ÆUâ"pdr��¯K�g��ª�L5µQ,Zzc5�[Ñ@��

â²þ´��Ð��O§@·Ò@�4�q,�O�Ñ�ÒAT´�â²

þ�¤±pdßÿþ23MV¥��¿Ò´µ

Ø�©Ù�Ñ�4�q,�O= �â²þ�

,�pd�éØ��Ý¼êf ±HÜù�:"=Ïéù��VÇ©Ù

�Ý¼êf , ¦�4�q,�O�Ð´�â²þθ̂ = x"pdA^êÆE|

¦)ù�¼êf , pdy²(y²ØJ§�Y�Ñ)§¤k�VÇ�Ý¼ê¥§

��÷vù�5��Ò´

f(x) =
1√
2πσ

e−
x2

2σ2

y§��©Ù��Ý¼êN(0, σ2) �pd¦P<[�)Ñ5
�

?�Ú§pdÄuù�Ø�©Ù��Ý¼êé���¦{�Ñ
��

é¤��)º"éu���¦úª¥�9�z�Ø�ei(�þ©úª(3)), d

uØ�ÑlVÇ©ÙN(0, σ2), K(e1, · · · , en) �VÇ�

1

(
√

2πσ)n
exp

{
− 1

2σ2

n∑
i=1

e2i

}
.

�¦�ù�VÇ��§7L¦�
∑n

i=1 e
2
i ����§ù�ÐÒ´���¦{

��¦"

pd¤ÿÐ����¦{¤�
19VÚOÆ���¤Ò§§

319VÚOÆ��5Ò��u18V��È©�uêÆ"V4�Ú

14



pd�'u���¦{�u²���§¤
êÆ¤þ=guÚî!4ÙZ

]�È©u²���à"�'uV4�1805c�Ñ����¦{£ã§p

dÄuØ���©Ù����¦nØw,�p�Ê§pd�ó�¥QJÑ


4�q,�O�g�§q)û
Ø��VÇ�Ý©Ù�¯K§dd·�

�±éØ����K�?1ÚOÝþ
"pd�ù�ó�é��K�4

�§��©Ù�Ïd�)¶pd©Ù"�Opd�<��´��vk¿

£�¦�ù�ó��y�ênÚOÆ�5���K�"pd3êÆþ��

zAõ§�c¦´�¦�gC�2þH�þ��Ô>/§±`²¦3

��Ô>/º5�ãþ�#Ñó�"���I�¦Úg7þ´±��

�Ý�5Vgpd§ùv±`²pd�ù�ó�3���ÆuÐ¥�©

þ"

17!18V�Æ.61��{§´¦�Ul,«{ü²
�OK(first

principle)Ñu?1Ü6í�"pd�½
OK/��q,�OAT�Ñ`

û��â²þ0§¿�Ñ
Ø�Ñl��©Ù§í��/ªþ�~{'`

{"�´pd��OK3Ü6þ¿Øv±4<��&Ñ§Ï��â²þ�

`û5���õ�´��²��ú§"yî��nØ|±"pd�í��

3Ì�Øy���µÏ��â²þ´`û�§íÑØ�7LÑl��©Ù¶

�L5§qÄu��©Ùí�Ñ���¦{Ú�â²þ§5`²���¦

{Ú�â²þ�`û5"ù�\
��/)��)/�%�§Ü6þ�â

²þ�`û5�.kvkg1¤á�ndQº

pd�©ÙuL��§.Ê.dé¯��
pd�ó�".Ê.dw

�§��©ÙQ�±l�g7�)�S�Ú¥)¤Ñ5§q�±�`ä�

��Ø�©Ù½Æ§ùJ�´ó,y�º.Ê.dØ#�VÇØ��Ú§

¦êþòØ����©ÙnØÚ¥%4�½néXå5§JÑ
�Ø�)

º"¦�ÑXJØ��±w¤Nõ��þ�U\§K�â¦�¥%4�½

n§�ÅØ�n¤A�´pd©Ù"20V¥%4�½n�?�ÚuÐ§

��ù�)ºJø
�õ�nØ|±"Ïd±ù�)º�Ñu:§pd�

Ì�Øy��fÒ�±�»"�O.Ê.d×Ñù�(Ø���½�Ep§

gC""££ÏÏ��
ùoÈ�Ø�©Ù�Ò3gC�ú�.e§g

C%�cÀØ�§�pdÓ
kÅ"

�d§Ø�©Ù��Ïé�Dá½§��©Ù3Ø�©Û¥(á
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gC�/ §¿3��19VØä�mõ*è§��3ÚOÆ¥äá/+§

bÙ§��VÇ©Ù¶pdÚ.Ê.d�ó�§�y�ÚOÆ�uÐ

mé
�÷��"

3����©Ù�uy�A^�{¤¥§�#6!.Ê.d!pd�

k�z§.Ê.dl¥%4�½n��Ý)º§§pdr§A^3Ø�©

Û¥§ÏåÓ8"��©Ù�<�uykùoÐ�5�§�I<¬Ñ�s

§�)¶�"Ï�.Ê.d´{I<,¤±��3{I�¡�.Ê.d©

Ù¶pd´�I<, ¤±3�I��pd©Ù¶1n¥áI�<¬¡¦

�.Ê.d-pd©Ù"�5{I��êÆ[
\4ïÆU^��©Ùù�

¥á¶¡, ��ÚOÆ[k�#��Ü¦�ù�¶¡�2��Éµ

Many years ago I called the Laplace-Gaussian curve the nor-

mal curve, which name, while it avoids an international question

of priority, has the disadvantage of leading people to believe that

all other distributions of frequency are in one sense or another

”abnormal”.

—Karl Pearson (1920)

ØLÏ�pd3êÆ[¥�¶í¢3´��, ��©Ù�?)�´�

õ/��3
pd�M�þ§8cêÆ.Ï1�^�´��©Ù!pd©

Ù, üö¿^"

��©Ù3pd�íÄe§×�3ÿþØ�©Û¥�2�¦^§,

@Ï�=�uÿþØ��©Û¥§Ù�5�vk�g,�ÆÚ�¬�Æ

+�¥�Æö�¤@£§@��©Ù´XÛlÿþØ�©Û��M§À�

g,�ÆÚ�¬�Æ����°�Qº

0.5 »Ï_?§!�s7�

30���©Ù��YuÐ�c§·�5õù�:êÆ§�Nk
<

¬ú� H§ØLpdQ²`Lµ/êÆ´þ2��ó0¶¤±���\�

\�n)��©Ù�{§�k/Ïuþ2��ó"

EÔÌEÔ�OK  ´{ü²
�§�´3ª�Ä,��Ô�¥§

·��uy¿+¬§¿�´¯"�cJ�L§17!18V�Æ.61��
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{§´¦�Ul,«{ü²
�OKÑu���Æ&¦�å:¶�5�

êÆ[ÚÔnÆ[��ïÄuy§Âgl�
�½�{ü�OKÑu, ·

�o´�Ú+�
��©Ù�[��§ù4<aú���©Ù�{©"

��©�L3p�î´)ÔÆ[oÚOÆ[§¦é��©Ù�~�í

Â�7{µ0·A�ØQ�L�Ø�¥��©Ùùo-u<�Ã¡����

»�S/"��ü ���VÇÆ[��(Paul Pierre Lévy, 1886-1971) Ú

k�(Mark Kac, 1914-1984) ÑQ²`L§��©Ù´¦��\VÇØ�Ð

ô�<§äkÃ¡��å"XJ�F1<����©Ù§�7c��dì

� Ep¬õÑ����å §d¨5Ý+m�·b"

�.e��©Ù� �¡ãÐy¨�{w§I�p��VÇØ�

£§�<3êÆ�¡�£f�§ØU�?"�U34�k����S}

Áim¨�¡ã���"�#6Ú.Ê.d±�g7�S�¦Ú�Ñ

u:§÷X�^�»1�gr·�+�
��©Ù�[��§ù^´�

�¥%4�½n"ù^´þºµDw§NõVÇÆ[Ñ����"ù

^´3��V�VÇÆ[��ÿ�°§¤�
Ï �����^x

B��"êÆ[ÚÔnÆ[�uyµ^^�´Ï��"Í¶�ÔnÆ

[#�d(Edwin Thompson Jaynes, 1922-1998) 3¦�¶Í5VÇØ�g

¹(Probability Theory: the Logic of Science)6¥§£±
o^Ï ��©

Ù��»¶»Ï_?§!�s7�§4·��å5!ü�eùo^�»

þ�ºµj"

0.5.1 pd(1809)�í�

1�^�»´pdé��§pd±XeOK���»�Ñu:

Ø�©Ù�Ñ�4�q,�O= �â²þ�

�ý��θ, x1, · · · , xn�ngÕáÿþ�, zgÿþ�Ø��ei = xi− θ§
b�Ø�ei��Ý¼ê�f(e), Kÿþ��éÜVÇ�n�Ø��éÜVÇ§

P�

L(θ) = L(θ;x1, · · · , xn) = f(e1) · · · f(en)

= f(x1 − θ) · · · f(xn − θ)

17



�¦4�q,�O§-
d logL(θ)

dθ
= 0

�n��±��
n∑
i=1

f ′(xi − θ)
f(xi − θ)

= 0

-g(x) = f ′(x)
f(x)

,
n∑
i=1

g(xi − θ) = 0

dupdb�4�q,�O�)Ò´�â²þx̄§r)�\þª§�±��

n∑
i=1

g(xi − x̄) = 0 (5)

(5)ª¥�n = 2, k

g(x1 − x̄) + g(x2 − x̄) = 0

dud�kx1 − x̄ = −(x2 − x̄), ¿�x1, x2 ´?¿�§dd��

g(−x) = −g(x)

(5)ª¥2�n = m + 1, ¿��¦x1 = · · · = xm = −x, xm+1 = mx, K

kx̄ = 0, ¿�
n∑
i=1

g(xi − x̄) = mg(−x) + g(mx)

¤±��

g(mx) = mg(x)

÷vþª����ëY¼êÒ´g(x) = cx, l?�Ú�±¦)Ñ

f(x) = Mecx
2

duf(x)´VÇ�Ý¼ê§rf(x) �5z�eÒ��þ��0���©Ù

�Ý¼êN(0, σ2)"

18



0.5.2 â��(1850)Úð�d�(1860) �í�

1�^�»´U©Æ[â��(John Frederick William Herschel, 1792-

1871)ÚÔnÆ[ð�d�(James Clerk Maxwell, 1831-1879)uy�"1850c§

U©Æ[â��3é((� �?1ÿþ��ÿ§I��Ä���Ø�©

Ù§�
í�ù�Ø��VÇ�Ý©Ùp(x, y),â����
ü�OKµ

1. x ¶Úy ¶�Ø�´�pÕá�§=�ÅØ�3�����þ�pÕ

á

2. Ø��VÇ©Ù3�mþäk^=é¡5§=Ø��VÇ©ÙÚ�Ý

vk'X

ùü�OKéuâ���Ä�¢Sÿþ¯Kwå5ÑéÜn"d1�^O

K§�±��p(x, y) ATäkXe/ª

p(x, y) = f(x) ∗ f(y)

rù�¼ê=��4�I§34�Ie�VÇ�Ý¼ê��g(r, θ), k

p(x, y) = p(rcosθ, rsinθ) = g(r, θ)

d1�^OK, g(r, θ) äk^=é¡5§�Ò´ATÚθ Ã', ¤±g(r, θ) =

g(r), nþ¤ã§·��±��

f(x)f(y) = g(r) = g(
√
x2 + y2)

�y = 0, ��g(x) = f(x)f(0), ¤±þª�±=��

log

[
f(x)

f(0)

]
+ log

[
f(y)

f(0)

]
= log

[
f(
√
x2 + y2)

f(0)

]

-log
[
f(x)
f(0)

]
= h(x), Kk

h(x) + h(y) = h(
√
x2 + y2)

lù�¼ê�§¥�±)Ñh(x) = ax2, l�±��f(x) ���/ªXe

f(x) =

√
α

π
e−αx

2

19



f(x) Ò´��©ÙN(0, 1/
√

2α)§lp(x, y) Ò´IO����©Ù�

�Ý¼ê

p(x, y) =
α

π
e−α(x

2+y2).

1860 c§���ÔnÆ[ð�d�3�ÄíN©f�$Ä�Ý©Ù�

�ÿ§3n��m¥Äuaq�OKí�Ñ
íN©f$Ä�©Ù´��

©Ùρ(vx, vy, vz) ∝ exp{−α(v2x + v2y + v2z)}"ùÒ´Í¶�ð�d�©f�
Ç©Ù½Æ"�[�P�·�3ÊÏÔn¥ÆL�ð�d�-Å�[ùíN

�Ç©Ù½Æíº

F (v) =
( m

2πkT

)3/2
e−

mv2

2kT

=
( m

2πkT

)1/2
e
−mv

2
x

2kT ×
( m

2πkT

)1/2
e−

mv2y
2kT ×

( m

2πkT

)1/2
e−

mv2z
2kT .

(6)

¤±ù�©ÙÙ¢´n���©Ù�¦È, \�ÔnP�´Äw�L\Ù

¢ù�©ÙÒ´n���©Ùº

â��-ð�d�í�� ©�?3u§vk|^?ÛVÇØ��£§

�´Äu�mAÛ�ØC5§Òí�Ñ
��©Ù"{Iì��øÔnÆ

[¤ù(Richard Feymann,1918-1988) zgw���kπ�êÆúª��ÿ§

Ò¬¯µ�3=pºù�í�¥¦^�
x2 + y2, �Ò´w�·���©Ù

�Ýúª¥k�π, Ù�3u����©Ù¥��p�TÐ´��"

0.5.3 =�(1941)�í�

1n^�´� >íó§�=�(Vernon D. Landon)�Ñ�"1941 c§

=�ïÄÏ&>´¥�D(>Ø§ÏL©Û²�êâ¦uyD(>Ø�©

Ù�ªé�q§ØÓ�´©Ù��?§ù��?�±¦^��σ2 5�

x"Ïd¦ín@�D(>Ø�©Ù�Ý¼ê/ª´p(x;σ2)"b��5�

>Ø�X, \\
���éÙ��σóé���Ø�6Äε§ε �VÇ�Ý

´q(e), @o#�D(>Ø´X ′ = X + ε"=�JÑ
Xe�OK

1. �ÅD(äk½�©Ù�ª

2. \\������ÅD(§ØUCÙ½�©Ù�ª§�UC©Ù�

�?(^��Ýþ)

20



^êÆ��ó£ã: XJ

X ∼ p(x;σ2), ε ∼ q(e), X ′ = X + ε

Kk

X ′ ∼ p(x;σ2 + var(ε))

y3·�5í�¼êp(x;σ2)AT�¤å�"Uìü��ÅCþÚ�©

Ù�O��ª§X ′ �©Ù�Ý¼êò´X �©Ù�Ý¼êÚε�©Ù�Ý

¼ê�òÈ§=k

f(x′) =

∫
p(x′ − e;σ2)q(e)de

rp(x′ − e;σ2) 3x′?��V?êÐm(�
�B§Ðm�rgCþdx′ O

��x)§þª�±Ðm�

f(x) = p(x;σ2)− ∂p(x;σ2)

∂x

∫
eq(e)de+

1

2

∂2p(x;σ2)

∂x2

∫
e2q(e)de+ · · ·

òp(x;σ2){P�p,Kk

f(x) = p− ∂p

∂x
ε+

1

2

∂2p

∂x2
ε2 + o(ε2)

éu����Å6Äε, ·�@�¦���½öK�´é¡�§¤

±ε = 0"¤±k

f(x) = p+
1

2

∂2p

∂x2
ε2 + o(ε2) (7)

éu#�D(>ØX ′ = X + ε§��dσ2 O\�σ2 + var(ε) = σ2 + ε2§

¤±Uì=��©Ù�Ý¼ê�ªØC�b�§#�D(>Ø�©Ù�Ý

¼êAT�f(x) = p(x;σ2 + ε2)"rp(x;σ2 + ε2) 3σ2 ?��V?êÐm§

��

f(x) = p+
∂p

∂σ2
ε2 + o(ε2) (8)

'�(7) Ú(8) ùü�ªf§�±��Xe �©�§

1

2

∂2p

∂x2
=

∂p

∂σ2

ù��§Ò´ÔnþÍ¶�*Ñ�§(diffusion equation),¦)T�§Ò

��

p(x;σ2) =
1√
2πσ

e−
x2

2σ2
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q�g§·�í�Ñ
��©Ù�

#�déuù�í��µdép§@�=��í���þ�Ñ
g,

.�DÑ/¤L§"¦�Ñù�í�ùÄ�þÒ´¥%4�½n�Oþª

��§�'u¥%4�½n´�g5\\¤k�Ï�§=��í�´zg

3�k�©Ùþ�\\�����6Ä"3ù�í�¥§·�w�§�

�©Ùäk��Ð�½5¶��êâ¥����ª®²/¤§¦ÒN´

UY�±��©Ù§ÃØ	Ü\\��ÅD(q(e) ´�o©Ù§��©Ù

Ò���çÉ��rù�\\D(¯K"

0.5.4 Äu����í�

�k�^�»´Äu����n�§ÔnÆ[#�d3����nþ

k�~���z§¦35VÇØ�g¹6p¡éù��{k£ãÚy²§

vkJ�uyö§·Ø(@ù^��uyö´Ä´#�d�<"

�3ÔnÆ¥d5®È§&EØ�M©<�à(Claude Elwood Shan-

non, 1916-2001)rù�VgÚ\
&EØ§ÆSÅìÆS�ÓÆ�Ñ��

8cÅìÆS¥k���~Ð^�©a�{����©aì"��r�Ú

����59�ó`�Ù�ØN´§ØLù^��ºµ´��ÕA�§#

�déù^��´ Ok\"

éu��VÇ©Ùp(x), ·�½Â¦���

H(p) = −
∫
p(x) log p(x)dx

XJ�½��©Ù�Ý¼êp(x) �þ�µ Ú��σ2(�½þ�Ú��ù

�^�§��±£ã��½���:ÝÚ���:Ý§ùü�^�´�d

�)§K3¤k÷vùü����VÇ©Ù¥§����VÇ©Ùp(x|µ, σ2)

Ò´��©ÙN(µ, σ2)"

ù�(Ø�í�êÆþ��k:E,§ØLXJ®²ß�
�½��

^�e����©Ù´��©Ù§�y²ù�ßÿ%´é{ü�§y²�

g´Xe"

�Äü�VÇ©Ùp(x)Úq(x)§¦^Ø�ªlog x ≤ (x− 1), �∫
p(x) log

q(x)

p(x)
dx ≤

∫
p(x)(

q(x)

p(x)
− 1)dx =

∫
q(x)dx−

∫
p(x)dx = 0
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u´ ∫
p(x) log

q(x)

p(x)
dx =

∫
p(x) log

1

p(x)
dx+

∫
p(x) log q(x)dx ≤ 0

¤±

H(p) ≤ −
∫
p(x) log q(x)dx (9)

ÙG&EØ�ÓÆÑ��§ù�ªf´&EØ¥�éÍ¶�(Øµ��V

Ç©Ù��o´�u�é�"þª���Ò��=�q(x) = p(x)"

éup(x), 3�½�þ�µ Ú��σ2e, ·��q(x) = N(µ, σ2), K�±

��

H(p) ≤ −
∫
p(x) log

{
1√
2πσ

e−
(x−µ)2

2σ2

}
dx

=

∫
p(x)

{
(x− µ)2

2σ2
+ log

√
2πσ

}
dx

=
1

2σ2

∫
p(x)(x− µ)2dx+ log

√
2πσ

(10)

dup(x) �þ���kXe��∫
p(x)(x− µ)2dx = σ2

u´

H(p) ≤ 1

2σ2
σ2 + log

√
2πσ =

1

2
+ log

√
2πσ

�p(x) = N(µ, σ2)��ÿ§þª�±���Ò§ùÒy²
(Ø"

#�dw,é��©Ùäkù��5�4�7ü§Ï�ùl&EØ�

�Ýy²
��©Ù�`û5"·��±w�§��©Ù����§�

ûu�����"ù�N´n)§Ï���©Ù�þ�Ú�Ý¼ê�/G

Ã'§��©Ù�/G´dÙ��û½�§�����AVÇ©Ù¥�

&Eþ§w,Ú�Ý¼ê�/G�'"

Ð�§ºµ!ü6�w�ãá"¤¢/îw¤*ý¤¸§�Cp$�
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Physicists believe that the Gaussian law has been proved in

mathematics while mathematicians think that it was experimen-

tally established in physics. (ÔnÆ[@�pd©Ù®²3ê

Æþ��y²§êÆ[K@�pd©Ù3ÔnÁ�¥��(

@")

— Henri Poincaré

0.6 mõÿè§��©Ù�?�ÚuÐ

19VÐ§�X.Ê.d¥%4�½n�ïá�pd��Ø�nØ�

¯§��©Ùm©Ï³Þ�§ÅÚ3C�VÇØÚênÚOÆ¥��É

ç"3VÇØ¥§du.Ê.d�íÄ§¥%4�½nuÐ¤�y�VÇ

Ø��¬Ä�"3ênÚOÆ¥§3pd��åJ��e§��©Ùm

©ÅÚ�1uUe"

0.6.1 Øê¥%4�½n

k5``��©Ù3VÇØ¥�/ §ù�Ì�´du¥%4�½n

�K�"1776 c§.Ê.dm©�Ä��U©Æ¥�Þ(;�����O

�¯K§�ª�¯K�9Õá�ÅCþ¦Ú�VÇO�§�Ò´O�Xe

�VÇ�

Sn = X1 +X2 + · · ·+Xn

P (a < Sn < b) =?

3ù�¯K�?nþ§.Ê.d¿©Ð«
Ù�þ�êÆ©Ûõ.Ú

p��VÇO�E|§¦ÄgÚ\
A�¼ê(�Ò´éVÇ�Ý¼ê�F

á�C�)5?nVÇ©Ù� ©�{§ù��{²LA�VÇÆ[�u

Ð§3y�VÇØp¡Ók4Ù�� �"Äuù�©Û�{§.Ê.

dÏLCqO�§3¦�1812cuL�¶Í5VÇ©ÛnØ6¥�Ñ
¥

%4�½n���£ãµ

½n0.6.1 (.Ê.d, 1812) ei(i = 1, · · ·n) �ÕáÓ©Ù�ÿþØ�§
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äkþ�µ Ú��σ2"XJλ1, · · · , λ2 �~ê§a > 0, Kk

P

∣∣∣∣∣
n∑
i=1

λi(ei − µ)

∣∣∣∣∣ ≤ a

√√√√ n∑
i=1

λ2i

 ≈ 2√
2πσ

∫ a

0

e−
x2

2σ2 dx.

ù®²´'�#6-.Ê.d¥%4�½n�\�����(Ø
§n

�;����)ÆS5VÇØ�ênÚO6ù��§��ÿ§Ï~ÆS�

¥%4�½n���/ªXeµ

½n0.6.2 (��Ë�-��¥%4�½n) �X1, · · · , Xn ÕáÓ©Ù§

�äkk��þ�µ Ú��σ2 §K3n→∞ �,k

√
n(X − µ)

σ
→ N(0, 1).

õoÛ©�5�§�¿���VÇ©Ù¥)¤��ÅCþ§3S�

Ú(½ö�d�¦�â²þ)�ö��e§LyÑXd���1�§Ú��

5����©Ù"

Figure 7: ¥%4�½n

VÇÆ[�?�Ú�ïÄ(J�\-<¯ç§S�¦Ú�ª��Ñ�

�©Ù�^�¿ØI�ùo��§=BX1, · · · , Xn ¿ØÕá§�Øäk�

Ó�VÇ©Ù/ª§éõ�ÿ¦�¦Ú��ª�8�E,´��©Ù"�

��ª�Ä,Ñ3 �����e��)§ùØB-<2�éÿ"¥%

4�½n�ù´VÇØ¥�äkm� �Úç�½n§XJk� :�<

X���²�·y²þ2��3§·´jÎØ¬ïâ¶�´XJ¦�·Ð

«¥%4�½n¿�(¡@´ ,§·�U¬k:gþ§lW¿�f¦
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�Ù�"XJ·U�X�1ÅB�����©Üá¥§·��½�þ¥%

4�½n§¿!`Üá�¨�r��©Ù��¦��ãC"

¥%4�½n�,Lã/ª{'§�´î�y²§%�~(J"¥%

4�½nÒ��Ü�~À�§�#6Ú.Ê.d?�
§�Ö/§�´

ùÜ�þ¦É�õ§��õV5§êÆ[�Ò�~À��cA�U§ã

å�r¤k�¦ÉÑÖþ"319V§Ñt(Siméon Denis Poisson, 1781-

1840)!)|�4(Gustav Lejeune Dirichlet, 1805-1859)!�Ü(Augustin-

Louis Cauchy, 1789-1857)!�l�(Friedrich Bessel, 1784-1846)ù
�~À

ÑQ²ÁãérùÜ�þ�¦ÉÖþ"ly�VÇØ��Ý5w§�

�19V�²;VÇnØ¿vkUÑÑ����¿Âeî��y²"ý

�r¦ÉÖþ�´5g�Ûd�A ~Àcµ

�'ÈÅ(Pafnuty Chebyshev, 1821-1894)!ê��Å(Andrey Andreye-

vich Markov, 1856-1922)ÚoäÊìÅ(Aleksandr Mikhailovich Lyapunov,

1857-1918)"�Ûd´��äk`D�êÆDÚ�¬x§�)LA ºk

��êÆ[§3y�VÇØ�uÐ¥§�Ûd��*��Æ��±�´º


�>U"r¦ÉÖþ�î��Y�Ö/´l�'ÈÅ1887c�ó�m©

�§ØL�'ÈÅ�y²�3�
¦É"ê��ÅÚoäÊìÅÑ´�'

ÈÅ�Æ)§ê��Å÷XP��ÄuÝ{�g´3~À�þ"�?�§

�É�´Ö�Ø
î¢¶oäÊìÅØ�ê��Å@��ÉP��K�§

¦÷X.Ê.d�cJÑ�ÄuA�¼ê�g´§u1901c�Ñ
��Ö

É��{§�'ÈÅéù��{�\7ü§oäÊìÅ�y²�@�´1

��3��^�e�î�y²¶ê��Å�Ø[«f§31913cÄuÝ

{�rÉ�Öî¢
"

Figure 8: uìØê

20VÐÏ�¥Ï§¥%4�½n�ïÄA�áÚ
¤k�VÇÆ[§
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ù�½nÁ,¤�
VÇØ�²¾§¤�
��VÇØÉ�pÃuìØê

�|¤"Ø���[é¥%4�½n¥�/¥%0�cXÛn)§Nõ<

Ñ@�/¥%0ù�c£ã�´ù�½n�1�µ±��©Ù�¥%"ù

�)ºwå5(¢Ü�Ün§ØL¿ØÎÜT½n�)¶�{¤"¯¢þ§

20VÐVÇÆ[�Ñ¡�T½n�4�½n(Limit Theorem)§duT½

n3VÇØ¥?uXd��¥% �§Xd�õ�VÇÆÉ�pÃ�§

µV�7§u´êÆ[Å|æu1920c3T½nc¡)±/¥%0�c§

dd�Y<�Ñ¡��¥%4�½n"

êÆ[�o´4Ùî>���§�½
��^�eî�y²
¥%4

�½n"êÆ[Òm©&Ï¥%4�½n¤á��«^�§Î¯ù�^�

´Ä¿©7�^�§¿�?�ÚJ¯S�Ú3T^�e±�o���ÝÂ

ñ���©Ù"1922c��Ë�(Jarl Waldemar Lindeberg, 1876-1932) Ä

u��'�°�N´÷v�^�§�¥%4�½nJÑ
��éN´n

)�Ð�y²§ù�^�·�y3¡����Ë�^�",�VÇÆ[¤

V(William Feller, 1906-1970) Ú��Òm©J¯��Ë�^�´¿©7�

�íºÄu��Ë��ó�§¤VÚ��Ñu1935 cÕá���
¥%

4�½n¤á�¿©7�^�§ù�^��±^�*��êÆ�ó£ãX

eµ

½n0.6.3 (¥%4�½n¿�^�) b�Õá�ÅCþS�Xi �¥�

�0, �¦S�ÚS =
n∑
i=1

Xi �©Ù�Ý¼ê%C��©Ù§±e^�´¿

©7��

1. XJXi�éuS�ÚS�ÑÙ(�Ò´IO�)´Ø��Ñ�§KXi �

©Ù7L�C��©Ù

2. éu¤k��Ñ�Xi, �ýé����@��§ù�ýé��éuS

�Ú�´��Ñ�

¯¢þù�¿©7�^�uy�`k�§¤VÚ���m�X¢Ñy


�
�Ø§�,¦�èÑ´Õá�A�3Ó��m)û
ù�¯K"3

��y²ù�¿©7�^��L§¥§��uy
��©Ù���k��

5�µ·�3ênÚO¥ÑÆL§XJü�Õá�ÅCþX, Y äk��©

Ù§KS = X + Y �äk��©Ù¶Û©�´ù�½n�_½n�¤áµ
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½n0.6.4 (��©Ù�ÉÚ) XJX, Y ´Õá��ÅCþ§�S =

X + Y ´��©Ù§@oX, Y �´��©Ù"

��©Ùý´éÛ©§Ò�d[��äk2)�5�§\r§�ü

ä§§)¤ü���©Ù¶½ö`��©Ùäk4ÙpB�`ûÉÚ§�

�©Ù�|¤¤©¥�U�¹��©Ù§Ø�U¹kÙ§,�"�6�

êÆ[Ñ´�Cþ2�<§õußÿþ2�¿ã¶1928 c��Òß�
ù

�½n§¿31935c¦^ù�½né¥%4�½n�¿©7�^��
y

²"k¿g�´��%Ã{y²��©Ù�ù�wþ�4Ù{ü�2)5

�§¤±¦�y²õ�4<ú�k
×\"ØL���Í(é¯Òü�
§

1936 cVÇÆ[�.{(Harald Cramér, 1893-1985)y²���ß����

("

¥%4�½n¤�
y�VÇØ¥Ä¯���½n§¯¢þ¥%4�

½n3y�VÇØp¡®²Ø´���½n§´��X��'�½n"

ÚOÆ[��ÄuT½nØä��õ.Ê.dJÑ��Ø�nØ§¿âd

)º�Û.þ��©ÙXd~�"¥%4�½nÓ�¤�
y�ÚO

Æ¥���nØ�Ä:"

0.6.2 ?�C�ÚOÆ

smüù§�L�{"þ¡`
��©Ù3VÇØ¥�uÐ§y35

ww��©Ù3ênÚOÆ¥uÐ��¯"ù��¯�+qÌü´pA

V(Adolphe Quetelet, 1796-1874)Úp�î(Francis Galton, 1822-1911)"

Figure 9: pAVÚp�î

dupd�ó�§��©Ù3Ø�©Û¥×�(½
gC�/ "k
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ùoÐ�óä§·��UûM�Ò@�§��©Ùé¯Ò�<�^5©

ÛÙ§�êâ§,¯¢%Ñ�·��¿�§��©Ù?\�¬+�Úg

,�Æ+�§�´²L��±ò�"

Äk·�w��[��¯¢µØ�©ÛÚÚOÆ´ºêÚØ�9�ü

�Æ�¶�,ù�¯¢�3��m´19VÐ�c"ÚOÆ��)�Ð´

�/?�I��w0k'§Ì�ÑÖu�?Ü�"ÚOÆ¡é�´ÚOê

â§´éõ�ØÓé��ÿþ¶Ø�©ÛïÄ�´*ÿêâ§´éÓ�

�é��õgÿþ"Ïd*ÿêâÚÚOêâ3���@�´ü«ØÓ1

�¼����êâ§·^u*ÿêâ�5Æ�7·^uÚOêâ"19V

�ÚOêâ©Û?u��éá��G�§ÚVÇØvkõ�(Ü"VÇØ

��)Ì�ÚÙÆ�'§uÐL§¥�Ø�©Û;�éX§����Ú

OÆ�8�~�"òÚOÆ�VÇØý�(Üå5íÄênÚOÆuÐ�

B´·��ÚOÆã(pAV"

pAVù¶i½NØXÙ§êÆ[@o��§�Oéõ<ØÙG§¤

±k7�0��e"pAV´'|�<§êÆÆ¬.�§c���ÿQJ

X.Ê.dÆSLVÇØ"d<Æ£�Æ§��2�§M�þ�?)�)

ÚOÆ[!êÆ[!U©Æ[!�¬Æ[!ISÚO¬Æ�I!C�ÚO

Æ�I!ênÚOÆ�M©<"pAV�����zÒ´ò{I��;V

ÇnØÚ\ÚOÆ§^XêÆ��{é�¬y�?1ïÄ"

1831c§pAVë�Ì±#ï'|�ÚOoÛ�ó�"¦m©l¯k

'<�¯K�ÚOÆïÄ"3ù«ïÄ¥§pAVuy,± �<�@�,

ÏÃÙ�!ó,5ÓÚ£/ ��¬y�§XÓg,y����äk�½

�5Æ5"pAV|8
�þ'u<N)nÿþ�êâ§XN!�p�

9��§¿¦^VÇÚO�{5éêâ?1êâ©Û"�´���ÚO©

Û�{;�
�¬Æ[��¦§�¬Æ[���é¿�Ì�3uµ�¬¯

K��Æ¢�ØÓ§Ùêâ��d*	��§Ã{���²~Ø
)ÙÉ

�Ï�§ù�êâ�Ó�5ë�Ù©Û(J  Òk
¯K§u´�¬Ú

Oó�öÒ¡���XÛ�äêâÓ�5�¯K"pAV�ÿ/JÑµ

r�1êâ´ÄUéÐ/[Ü��©Ù§���äT1êâÓ��IO"

pAVJÑ
��¦^���[Üêâ��{§¿2��¦^��

©Ù�[Ü�«a.�êâ"dd§pAV���©Ù�A^ÿÐ
2,
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�Í�"��©ÙXÓ�rç9§3pAV��+e§Æö��ÍXù

r�3��+�2¨Í5§ô�
<�!+è!�£!à�!ó�!û

�!����¬+�§¿?�ÚôÓU©Æ!êÆ!ÔnÆ!)ÔÆ!�

¬ÚOÆ9í�Æ�g,�Æ+�"

��©Ù�e��íÄå5g)ÔÆ[p�î§���©Ù�)ÔÆ

éÓ�§C�ÚOÆH5
�g�uÐ"p�î´)ÔÚOÆ��CÄ<§

¦�Lx��©�ãÍ5Ô«å6¯±�§>Ä¦^ÚO�{ïÄ¢

D?z¯K"ÉpAV�éu§¦é��©Ù~kßþ�,�§m©¦^

��©Ù�[Ü<��p!9�!±��Á¤1��aêâ§uy��©

Ù[Ü��~Ð"¦Ïd�&���´·^uÃê�¹���{K"

,§ép�îó§ù�Ã?Ø3���5�¦�5�
(¾"

¦�	
�fü���pêâ§uy�lÓ����©Ù§¢D���

�wÍÏ�´XÛu��^�º1877c§p�î�O
���p�î¹

�(quincunx, ½öGalton board)�C�§�[��©Ù�5�§^u)º

¢Dy�"

Xeã¥z�:L«¹3�þ���¹f§§�*d�ålþ��"

���¥�eüáL§¥§-�¹f��±1/2 �VÇ��½�mEe"

XJknü¹f§K�øS�ª¥��êÑl��©ÙB(n, 1/2), �n ��

��ÿ§�C��©Ù"

��3dC��¥m,�/�AB ���	�r�¥�4§�¥ò

3AB?à¤���/G§XJ	�þkNõz�§�m�
z�§K3

.Ü/¤õ���Ø����©Ù§�ª����©Ù�´ù
���

©Ù�·Ü"
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Figure 10: p�î¹�

Figure 11: p�î¹�)º¢Dy�

p�î|^ù�C�ME5�r��©Ù�5�^u)º¢Dy�"

¦)º`�pÉ�wÍÏ�ÚÙ§��Ï��K�§z�Ï��K��±
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ù�´/£80�c�@�¹Â"p�î^����©Ù�[ÜI�Úf
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��p�êâ§Ó�Ú?
£8��!�'Xê�Vg§lmM
£8

©Ûù�Eâ"

�±`§p�î´^ÚO�{ïÄ)ÔÆ�1�<§¦^¢S1Äm

ÿ
pAV�g�¶�ênÚOÆ��)C½
Ä:"ÃØ´pAV�´

p�î§¦��ÚO©Ûó�Ñ´±��©Ù�¥%�§3¦��K�e§

��©Ù¼�
ÊH@�Ú2�A^§$�´�E^§±�k
Æö@

�19V´��©Ù3ÚOÆ¥ÓÚ£/ ���"

0.6.3 ênÚOnê�

��§·�5�
20V§��©Ù�·$XÛQºXJ`19V´

��©Ù3ÚOÆ¥Õ+ºÖ�{§20VK´ênÚOÆ%ÇuÐ!

zsà����"1901c§p�îÚ¦�Æ)k�.��Ö(Karl Pearson,

1857-1936)!���(Walter Frank Raphael Weldon, 1860-1906) M�5)Ô

Oþ(Biometrika)6,�§¤�)ÔÚOÆ���¡á�§Ú�
y�ên

ÚOÆ��uÐ"ÚOÆ�%Åìdî³�º�=I=£§¦=I3±

�A�cênÚOÆuÐ��7��¿�
+Þ�"

320V±c§ÚOÆ¤?n�êâ��Ñ´�þ�!g,æ8�§

¤^��{±.Ê.d¥%4�½n��â§o´8(���"�
19

V"Ï§êâ���[ÜØÐ��¹�Fì�<�¤5¿µ?\20V�

�§<óÁ�^�e¤�êâ�ÚO©Û¯K§Åì�<�¤À"du

Á�êâþk�§@«�6uCq��©Ù�DÚ�{m©ç��¦§ù

r¦<�ïÄù«�¹e�(�ÚO�{¯K"

3ù��µ�e§ÚOÆn�©Ùχ2©Ù!t©Ù!F©ÙÅÚ�þ{

¤Í�"ùn�©Ùy3�n���)ÑéÙG"3{¤þ§ùn�©Ù

Ú5g=I�y�ênÚOÆ�n�ê�kX���'X"

1� ê�Ò´k�.��Ö§Ã¥��êÒ´χ2©Ù"χ2 ©Ùùr

�ê�@�âEöÙ¢´ÔnÆ[ð�d�§¦3í��í©f�$Ä�

Ý�©Ù��ÿ§uy©f�Ý3n��I¶þ�©þ´��©Ù§©

f$Ä�Ý�²�v2 ÎÜgdÝ�3 �χ2©Ù"ð�d��,EÑ
ùr

�ê§�´ý�r§�Í��%AÃ!iAk{�´��Ö"3©Ù�

Úêâ�[Ü`Ýu�¥§χ2©Ù�´��|ì§��Ö�ù�ó��
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Figure 12: ênÚOnê�

@�´b�u��mì��"��ÖU«
p�î��Ä§ÚOõå�þ§

319V"20VÐé���ã�mp§���ênÚOÉ�<¬���

p"�1��ê�"

1� ê�´{lA(William Sealy Gosset, 1876-1937)§)¶´�[

ÑÙG�Æ)¼(Student)§¦Ã¥��ê´t ©Ù"{lA´zÆ!ê
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1n ê�´¤F�(Ronald Aylmer Fisher, 1890-1962)§Ã±F©Ù
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V
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nÚOÆ1��ê�"

duùn�ê�ÚÚOn�©Ù�Ñy§��©Ù3ênÚOÆ¥Ø

2´�{ÕD§ênÚO�+/Ä�þ´�ùn�©Ùsr
�9ôì"

ØLùé��©Ùó¿��¯§·�[wùn�©Ù�êÆ[!: b�

Õá�ÅCþXi ∼ N(0, 1), Yj ∼ N(0, 1)(i = 1 · · ·n, j = 1 · · ·m)§K÷vn

�©Ù��ÅCþ�±Xe�EÑ5

1. χ2
n = X2

1 + · · ·+X2
n

2. t =
Y1√

X2
1+···+X2

n

n

3. F =

X2
1+···+X2

n

n
Y 2
1 +···+Y 2

m

m

\wùn�©Ù=��Ø´��©Ù�,XÉó§χ2!t!Fùn�©

Ù�ÐÑ´l��©Ù�\?1ïÄ�"¤±��©Ù319V´ÉKU§

?\20VÒÆ
a$��§Rðf�
"½ö§���Ý`§��ÐÇ

n��§��©ÙXJ´�[ <�ù�J±<uUe§k
ÚOÆn�

©Ù��mIk¹�§mõÿè§��©Ùý�¤�b+<���"

20VÐ§ÚOÆùn�ê�¤�
y�ênÚOÆ�CÄ<"±x

lA�k°§¤F��Ìò§iå
���nØ��·§¯¢þJ,
�

�©Ù3ÚOÆ¥�/ "3ênÚOÆ¥§Ø
±��©Ù�Ä:��

��nØ¼�
�c��|§Ù§©ÙþÑvk¤õ�Y~§ùØUØ4

<é��©Ù�8�w"3���uÐ¥§�'£8©Û!õ�©Û!�

�©Û!Ïf©Û!ÙK$Ä!pdL§��ÃõVÇÚO©Û�{ºY

�þ
{¤Í�§ù
Ú��©Ù���'��{§¤�íÄy�ÚO

Æ��uÐ���r�Äå"

0.7 ���K

Everyone believes in it: experimentalists believing that it is

a mathematical theorem, mathematicians believing that it is an
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empirical fact.

— Henri Poincaré

XJ`§¿½Xó,5�.´��ªÏ�.§@o§��©Ù�

ù�ªÏ�.ïá
�½��S§¦�ó,5y�3êþþ�O�Úý

ÿ¤��U"#�d35VÇØ�g¹6¥JÑ
ü�¯K

1. ��o��©Ù�Xd2��¦^º

2. ��o��©Ù3¢�¦^¥�~�¤õº

#�d�Ñ§��©Ù3¢�¥¤õ��2�A^§Ì�´Ï���

©Ù3êÆ�¡�äkõ«½5�§ù
5��)µ

1. ü���©Ù�Ý�¦È�´��©Ù

2. ü���©Ù�Ý�òÈ�´��©Ù§�Ò´ü�Õá��©Ù�

Ú�´��©Ù

3. ��©ÙN(0, σ2)�Fá�C��5z��Ý©Ù��´��©Ù

4. ¥%4�½n�y
õ��ÅCþ�¦Ú�Aò����©Ù

5. ��©ÙÚÙ§äk�Óþ�!���VÇ©Ù�'§äk���

cn�5�`²
��©Ù��/¤,ÒN´�±T/��½§=

�éu��©Ù�í��L²
§��©Ù�±ó¶���Z6UY�

±/�½"�ü�5�K`²§Ù§�VÇ©Ù3�«�ö��eN´

�5��C��©Ù"��©Ùäk����5�§¤±?Û��é�½

VÇ©Ù�ö�§XJTö��±�����§%~�®���£§KT

ö�Ø�;��O\VÇ©Ù�&E�§ùò��VÇ©Ù���©Ù�

C"

�du��©Ùõ«�½5�§¦�§���çÉ��?u��¥

%� �§Ù§�VÇ©Ù/ª3�«ö��eÑÅì���©Ù� §

#�dr§£ã�VÇ©Ù¥åy�(gravitating phenomenon)"

·�3¢�¥�Ûo´ÀJ¦^��©ÙQ§��©Ù3g,.¥�

ª�Ñy�´�Ï��§#�d@��k�����Ï´��©Ù��
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��5�"3éõ�ÿ·�Ù¢vk?Û��£��êâ�ý¢©Ù´�

o§�´��©Ù�þ�Ú��  ´�é½�"Ïd·�Ulêâ¥

¼���'�Ð��£Ò´þ�Ú��§Ød�	vkÙ§�\k^�&

Eþ"ÏdUì�����n§·�AT3�½��£���e§ÀJ�

���VÇ©Ù§ùÒTÐ´��©Ù"=Bêâ�ý¢©ÙØ´��

©Ù§du·�éý¢©Ù�Ã¤�§XJêâØUk�JøØ
þ�Ú

���	��õ��£§Uì�����n§��©ÙÒ´ù�ÿ�Z�

ÀJ"

�,��©Ù�k�õ-<X��êÆ5�§·��±!ü�e:

• ��©ÙB(n, p) 3né�%C��©ÙN(np, np(1− p))

• Ñt©ÙPoisson(λ) 3λ ���%C��©ÙN(λ, λ)

• χ2
(n)3né���ÿ%C��©ÙN(n, 2n)

• t©Ù3n é��%CIO��©ÙN(0, 1)

• ��©Ù��Ý©Ù�´��©Ù

• A�¤k�4�q,�O3��þnO���ÿÑªCu��©Ù

• �.{©)½n(�c0�L)µXJX, Y ´Õá��ÅCþ§�S =

X + Y ´��©Ù§@oX, Y �´��©Ù

• XJX, Y Õá�÷v��©ÙN(µ, σ2), @oX +Y , X −Y Õá�Ó
©Ù§��©Ù´��÷vù�5��VÇ©Ù

• éuü���©ÙX, Y , XJX, Y Ø�'K¿�XX, YÕá§��

©Ù´��÷vù�5��VÇ©Ù

0.8 ���{,�{U¤

To see a world in a grain of sand

And a heaven in a wild flower,

Hold infinity in the palm of your hand
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And eternity in an hour.

X =
X1 +X2 + · · ·+Xn

n
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0.9 í��Ö

All knowledge is, in the final analysis, history.

All sciences are, in the abstract, mathematics.

All methods of acquiring knowledge are, essentially, through statistics.

3ª4�©Û¥§���£Ñ´{¤¶

3Ä��¿Âe§���ÆÑ´êÆ¶

3n5�Ä:þ§¤k��äÑ´ÚOÆ"

— C. R. Rao
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